Wrexham University Research Online

Journal Article

Thermal-vibration investigation of a functionally graded doubly-curved sandwich structure
using three dimensional spectral-Chebyshev approach

Anamagh, M.R. and Day, R.J.

This article is published by Elsevier. The definitive version of this article is available at:
https://www.sciencedirect.com/science/article/abs/pii/S0955799725003169?via%3Dihub

Recommended citation:

Anamagh, M.R. and Day, R.J. (2025), 'Thermal-vibration investigation of a functionally
graded doubly-curved sandwich structure using three dimensional spectral-Chebyshev
approach’, Engineering Analysis with Boundary Elements, vol 179, p.106428. doi:
10.1016/j.enganabound.2025.106428


https://www.sciencedirect.com/science/article/abs/pii/S0955799725003169?via%3Dihub

Thermal-vibration investigation of a functionally graded doubly-curved sandwich
structure using three dimensional spectral-Chebyshev approach

Mirmeysam Rafie Anamagh®* Richard J. Day®

% Faculty of Arts, Computing and Engineering, Wrerham University, Wrexham, UK

Abstract

This research presents a novel three-dimensional numerical approach to investigate the dynamic behavior of
doubly-curved sandwich structures reinforced with functionally graded material face-sheets. A three-dimensional
spectral Chebyshev method is developed to solve the resulting integral boundary value problem, which incorporates
the effects of temperature variation across the sandwich structure. To facilitate the numerical implementation, a
mapping technique is employed to transform the complex geometry into a simplified computational domain using
appropriate transformation equations. The proposed spectral Chebyshev approach is validated by computing the
natural frequencies of selected sandwich configurations and comparing them with results available in the literature. In
addition to the validation study, extensive parametric analyses are performed to assess the influence of various material
parameters (such as the power-law index of the FGM) and geometric parameters (including curvature magnitude and
length ratios) on the natural frequencies of the structure. Furthermore, the effects of different thermal gradients across
the thickness are systematically examined under various boundary conditions. The findings highlight the critical
role of thermal variation and boundary support conditions in altering the dynamic response of sandwich structures.
This study provides valuable insights for the design and optimization of advanced composite structures subjected to
thermo-mechanical environments.
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1. Introduction

The quest for advanced structural materials capable of withstanding extreme mechanical and thermal environments
has been a driving force in engineering innovation for decades. In 1972, Shen and Bever [1] first introduced the concept
of Functionally Graded Materials (FGMs) as a novel solution to overcome the limitations of traditional composites and
polymers. Initially developed to improve bonding strength and reduce thermal stresses in coating applications, FGMs
have since evolved into one of the most promising material systems for high-performance structures. A landmark in the
practical use of FGMs occurred in 1984, when Japan’s National Aerospace Laboratories implemented graded materials
in aerospace applications, specifically for fuselage base shells and nosecone components of a spaceplane. These early
implementations highlighted the unmatched ability of FGMs to manage high thermal gradients, resist delamination,
and reduce stress concentrations, challenges that often compromise the integrity of conventional layered composites.

FGMs are characterized by their continuous variation in material composition, typically transitioning from ceramic
to metal across the thickness of a structure [2]. This gradation endows FGMs with a unique combination of desirable
properties, high-temperature resistance from ceramics and toughness and thermal conductivity from metals, while
avoiding the stress discontinuities that occur in traditional composites with discrete interfaces [3]. Depending on the
phase distribution, FGMs are generally classified into continuously and stepwise graded types. Additionally, they can
be categorized into thin FGMs, used primarily in surface coatings via processes such as PVD, SHS, and CVD, and
bulk FGMs, manufactured through powder metallurgy, centrifugal casting, and additive techniques [4-6]. These
developments have led to widespread applications in aerospace, automotive, energy, and biomedical engineering.
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In aerospace, ceramic-metal FGMs serve as thermal barriers, insulating combustion chambers, rocket nozzles, and
engine parts against intense thermal fluxes [7]. In medicine, graded biomaterials such as hydroxyapatite-titanium
composites have revolutionized implant design, offering superior biocompatibility and mechanical performance for
joint replacements and dental restorations [8-10].

As FGMs gained popularity, researchers turned their attention to the complex thermo-mechanical behaviors of these
materials, especially in structural elements like plates and shells. Smooth gradation in material properties has
proven critical in mitigating issues such as delamination, interfacial cracking, and thermal mismatch [11]. Over
the years, extensive theoretical and computational studies have explored the vibration, stress, and buckling responses
of FGM structures under mere mechanical load [12-14] or combined with thermal loads [15-17]. Numerous studies
have been conducted from various perspectives to analyze the static and dynamic behavior of functionally graded
material (FGM) structures. These include static [18, 19], buckling [20, 21], post-buckling [22], thermo-mechanical [23],
electro-mechanical [24], thermo-electrical [25-27], pressure [28—-30], and stability [31-33] analysis. From reviewing the
literature, it is evident that the mentioned studies focus primarily on either single-layer FGM structures or simple
sandwich structures without curvature or complexity. This highlights a gap in the research, indicating the need for
further analysis of FGM structures in more practical applications, such as curved and complex sandwich configurations.

To conduct the aforementioned analysis, a wide range of analytical and numerical approaches has been employed,
spanning from classical plate theory, first-order shear deformation theory (FSDT) [34-36], higher-order shear
deformation theories (HSDT) [37, 38], Zig-Zag theory [39] and refined shear deformation theories [40, 41], as well as
advanced three-dimensional elasticity models. Thai and Kim [42] and Wu and Liu [43] have provided comprehensive
reviews on the evolution of modeling techniques, emphasizing the growing importance of semi-analytical methods such
as the finite layer method, state-space approaches, and the sampling surface method for layered and FGM sandwich
structures. All the aforementioned theories can be critiqued from two perspectives. Firstly, some theories fail to
accurately predict structural behavior due to inherent simplifications. Secondly, when modeling thick structures, a
significant computational effort is required, as numerous correction parameters must be introduced to improve accuracy.
Therefore, three-dimensional modeling appears to be a suitable and effective choice for analyzing thick structures,
especially sandwich configurations, where the constituent layers often consist of distinctly different materials.

On the other hand, extensive research has been conducted to solve the equations of motion derived from the
aforementioned modeling theories for functionally graded material (FGM) structures using various numerical
techniques. These methods include the radial point interpolation mesh-free method [44], generalized differential
quadrature (GDQ) [45, 46], isogeometric analysis [47, 48], meshless local Petrov—Galerkin (MLPG) method [49], finite
point multiquadric method [50], differential transformation method (DTM) [51], harmonic differential quadrature
(HDQ) [52], and the Chebyshev-Ritz method [53]. Although these approaches can accurately solve the equations
of motion, they are often associated with certain drawbacks, such as complex integration over local subdomains,
sensitivity to the selection of appropriate basis functions for various boundary conditions, and high computational
cost. Among these techniques, the finite element method (FEM) remains the most widely used approach in both
academic and industrial settings. Numerous studies have utilized FEM to investigate the static and dynamic behavior
of FGM structures under diverse loading and boundary conditions [54-56]. However, despite its widespread adoption
and commercialization, FEM may become inefficient when dealing with geometrically complex or three-dimensional
models, limiting its applicability for design and optimization tasks. To address these challenges, the authors have
recently introduced a novel meshless technique termed the spectral Chebyshev approach, which employs Chebyshev
polynomials to discretize the governing equations [57]. This method offers an efficient and accurate solution framework
and demonstrates significant potential for structural analysis, particularly in design and optimization problems where
computational efficiency is critical.

Despite mentioned progress in modeling and solving approaches, the thermal-vibration analysis of doubly-curved
functionally graded sandwich structures remains a relatively underexplored domain, particularly with respect
to three-dimensional modeling.  Most existing models either simplify the geometry or ignore the coupling
effects of curvature and material gradation under thermal loading. To address this gap and due to the
importance of structural vibration of structures in industrial application [58-60], the present study introduces a
three-dimensional spectral-Chebyshev approach as a meshless, highly accurate method for solving the dynamic
response of curved sandwich structures with FGM face-sheets exposed to thermal gradients. By leveraging the
spectral-Chebyshev formulation and incorporating curvature via domain mapping, this work aims to capture the
detailed thermo-mechanical interactions across the structure’s thickness. The method also accommodates various
boundary conditions and complex temperature profiles, making it a powerful tool for next-generation composite
design.



2. Modeling

Figure 1 illustrates the sandwich structure with functionally graded material (FGM) face sheets in a global coordinate
system (z—y—z). The displacement vector is defined as q = [u,v,w] in (x,y,z) directions, respectively. The core
layer consists of purely metal material. The temperatures at the bottom and top surfaces are denoted by T}, and T3,
respectively. The curvatures $; and [ are defined based on the radii of curvature R; and Ry around the z- and
y-axes, respectively. Also, hq, ho and hs represent the thicknesses of the bottom, core, and top layers, respectively.
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Figure 1: Schematic of a sandwich structure with functionally graded face sheets and an aluminum core in a thermal environment.

For thermally induced free vibration analysis, it is assumed that the structure is initially stress-free at a reference
temperature Tp. Upon a temperature rise AT, the structure is heated to a steady-state thermal condition and then
vibrates in the thermally affected state. This temperature change induces additional strain energy due to thermal
stresses constrained by boundary conditions that inhibit in-plane expansion. This initial thermal strain energy is given
by [61]:
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The thermal stresses 7., and 7, due to the temperature change can be expressed as:

Cij(z, Ta(z, T)AT
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Here, Cjj;, o, v and 6 represent the elastic stiffness components, the thermal expansion coefficient, Poisson’s ratio and
Kronecker delta, respectively. These parameters vary with both the thickness coordinate z and temperature T due
to the FGM nature of the material. It should be noted that, according to the study by Thai et al. [61], in the case
of neglecting the out-of-plane components of the thermal stress matrix yields accurate results. The corresponding
thermally induced in-plane strains are given by:
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The thermal stiffness matrix resulting from the initial thermal loading can be written as:

0 0 _ Cui(zT)a(z,T)AT 0 00 2
Kr = / B%a‘“‘BT dV = / 0 0 l 172(3/(z,T) ng(z,T)oz(z,T)AT] l:o 0 %T:| dv (4)
v v % a% T 1-20(z,T) dy

In addition to the initial thermal strain energy, the elastic strain energy due to mechanical vibrations is expressed as:
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where, € is the strain and can be derived for a three dimensional modeling as:
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The constitutive matrix C;; for isotropic materials is defined as:
rl—v(z,T) v(z,T) v(z,T) b
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Alternatively, using Lamé parameters A and pu:
A+2p A A 0 0 O
A A+2p A 0 0 O
_ A A A+20 0 0 O
C= 0 0 0 uw 0 0 (8)
0 0 0 0 pu O
0 0 0 0 0 w

Here, E(z,T) and v(z,T) are the Young’s modulus and Poisson’s ratio, and A and p are the Lamé constants, all of
which depend on the coordinate z and temperature 7. The strain-displacement derivative matrix B is defined as:
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Based on Eq. 5, the elastic stiffness matrix is computed as:
K. :/ BTCBav (10)
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The kinetic energy of the vibrating system is given by:
1
T=; / p(z,T) (W' + "0 + ") dV (11)
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Here, p(z,T) is the mass density, a function of position and temperature, and q = [0, v, W] represents the velocity
vector. The mass matrix can therefore be evaluated as:

M:/Vp(z,T)dV (12)

Finally, the equation governing the free vibration of the structure is formulated as an eigenvalue problem:

[(Ke +Kp) — Q*M] ¥ =0 (13)

where {2 denotes the natural frequencies, and ¥ represents the corresponding mode shapes of the structure.

3. Functionally graded material

Functionally graded materials are designed with a focus on structures exposed to high-temperature environments.
The material properties of FGMs exhibit consistent variations in response to temperature fluctuations. When FGMs
comprise both ceramic and metal components, their material properties can be determined by fitting equations to
experimental results [62] as;

Py(T) = Po(% + 1+ PiT + PT? + PsT%) (14)
In this context, P, can be considered as the elasticity (E), density (p), thermal conductivity (k), and thermal expansion
coefficient («) of either the ceramic (¢ = ¢) or the metal (¢» = m). Furthermore, the coefficients P_y, P;, P, and
P; exhibit temperature-dependent parameters. The specific values for these coefficients for stainless steel (metal) and
Silicon nitride (ceramic), which constitute the FGM, are detailed in Table 1. As presented in Table 1, the thermal
conductivity and density are considered temperature-independent material parameters.

Utilizing the power-law distribution equation, the volumetric fraction of ceramic material throughout the thickness



Table 1: Temperature coefficients of Nickel and Aluminum Oxide in a thermal environment [63].

Material | Properties Py P_q P P P P @Ty,=300K
E (Pa) 34843 x 109 0 —3.070x10°% 2160 x 107 —8.946 x 10T 322.2715 x 10°
v 0.2400 0 0 0 0 0.2400
SizNy a (1/K) | 6.8269x 1076 0 1.83 x 1074 0 0 7.4746 x 1076
p (kg/m®) 3950 0 0 0 0 3950
k 9.19 0 0 0 0 9.19
E (Pa) 201.04 x 10 0  3.079x10°7  —6.534 x 107 0 207.7877 x 10°
v 0.3262 0 —2.002x10"*% 3.797 x 1077 0 0.3178
SUS304 | o (1/K) | 12330x107% 0  8.086 x 10~* 0 0 1.5321 x 1075
p (kg/m®) 8166 0 0 0 0 8166
k 12.04 0 0 0 0 12.04
can be calculated as follows:
1 =z,
Ve=1(5+7) (15)

Here, V., h, and n represent the volume fraction of ceramic, the thickness of the structure, and the power-law index,
respectively. The material properties of the FGM structure are determined using the rule of mixture.

P(z,T) = Po(T)Ve(2) + P (T)Vin(2) (16)
Vin=1-V,

For temperature variation along the thickness of the sandwich structure, three cases are considered: uniform, linear,
and nonlinear distributions. It should be noted that the bottom and top surface temperatures are defined as T and
T;, respectively. In the case of a uniform field, the temperature along the thickness can be obtained as:

T =T, +AT (17)

where AT indicates the temperature difference. For the case of linear variation, the temperature field can be expressed
as:
z

T(z) = Ty + AT(;)

(18)
where, AT is equal to Ty — Tp. In the case of nonlinear variation of the temperature, using the heat-conduction rule,
the steady-state equation can be derived as follows:

d

- [k(;;)g} ~0 (19)

dz

By substituting Eq. 15 into the heat conduction equation due to the thermal conductivity variation (k) and employing
the first seven terms of the polynomial series as described in [64], the thermal variation along the thickness can be
determined as follows:

AT | z 1 k z 1
T =T, +—[(E4+2)- — (242 (n+1)
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where,
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C(n+ Dy, * (n+1Dk2,  (n+ 1)k3,
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In Eq. 20, it is assumed that the material at the bottom surface of the structure (z = 0) is purely metallic; therefore,
the metal temperature is set as T;, = Tp. For a layered sandwich structure consisting of s layers, the procedure for
determining the temperature distribution along the thickness is outlined in Algorithm 1. It should be noted that the
Tt(i — 1) is equal to the temperature of (i — 1)** layer at z = h;_;.

Algorithm 1 Temperature variation along the thickness of a layered structure with s layers.

Require: Number of layers s, total thickness h, bottom temperature T}, top temperature T}
Ensure: Temperature distribution 7'(z)

1: for i =1tos do

2: if 1 =1 then

3 TV T,

4 Tt(l) — ,-Tt

5 Define thickness range: 0 < z < hy

6: else .

: T 70D

8 Tt(l) — T;

9 Define thickness range: h;_1 < z < h;
10: end if
11: Compute T'(z) using Eq. (20)
12: end for

4. Coordinate transformation

The complexity of the geometry (doubly-curved) presents a challenge in solving the Initial Boundary Value Problem
(IBVP). This complexity can be simplified by transforming the coordinates in two steps: first, from a doubly-curved
coordinate system to a single-curved one, and then from a single-curved system to a straight parallelepiped domain.
This process is illustrated in Figure 2 as the master element mapping approach.

The transformation employs a simple rotational transformation approach as follows:

x [cos(f1) 0 —sin(61)] (2’ — Ry [1— cos(61)]
z [sin(01) 0 cos(fr) | |2 — [zc — Risin(6h)]

~

x 1 0 0 ] (2" —R[1—cos(8)]
y' » =10 cos(f2) —sin(fa) y” (24)
2! [0 sin(fy)  cos(f2) | |2 — [¢' — Rsin(8)]

”‘é N‘

Figure 2: The transformation process from a doubly curved domain to a parallelepiped domain.



where #; and 6, are the rotational angles around the y and = axes, respectively, associated with the curvature amount
(8:), given by:

2m s
0; = 25
" (25)
From Eq. 25, the radius of curvature can be calculated as:
L
R, = 26
=5 (26)

Thus, from the transformation equations, the Jacobian matrix can be obtained to facilitate the transformation of the

" "

problem domain from z — y —z tox—y—zas:

dedydz = Ida” dy dz” (27)

5. Numerical solution: 3-D spectral Chebyshev

The three-dimensional deformation of an FGM structure can be represented as a series expansion using Tchebychev
polynomials:

57777 Z Z Z (I)l 1 m,—l(n)q)n—l(C)' (28)

=1 m=1n=1

Here, ®’s denote orthogonal Tchebychev polynomlals and the coefficients a decay exponentially as i increases. It
should be noted that £, 7 and ¢ represent the x —y R dlrectlons respectively. For computational purposes, the
continuous function must be discretized, limiting the expansion to a finite number of terms. This is achieved using
Gauss-Lobatto sampling, resulting in a third-rank tensor representation of the function:

Qimn = q(&(1),n(m), {(n)). (29)

The indices I,m,n vary from 1 to the corresponding polynomial orders Ng, IV,, N along each axis. To facilitate
numerical manipulation, this tensor is converted into a vector using the transformation:

qi = flmna 1= (l - 1)N77Ng + (m — 1)N< + n. (30)

This transformation enables the sampled deflection function q to be linked with the expansion coefficients a via
extended transformation matrices for forward (I'r) and backward (I'g) operations:

q=Iga, or a=TI¥yq. (31)

These transformation matrices, each of size N¢ N,y Ns x N¢N, N¢, are constructed using direction-specific forward and
backward matrices. Once the domain is discretized, to determine spatial derivatives, differential matrices Qq; are
required. The derivative operation in each direction is introduced as:

b =D%a, (32)

Using a similar mapping strategy as with the transformation matrices, the extended derivative matrices D% are
formulated. The corresponding differential matrices are then defined as:
9q
9q;

=Qq qa. (33)



Same as the deferential matrices, the integral matrices in each direction can be determined as v;. Therefore, by using
mapping strategy and inner product approach the integral operator over the volume can be achieved (V). Consequently,
The volume integrals are evaluated using a weighted inner product matrix approach:

/VngB dV=Ff"Vspg. (34)

Since the integral contains functions with different weightings such as material and temperature variation along the
thickness, each function must be extrapolated to an increased number of sampling points using extrapolation matrices
S%n . This process follows:

fin, an, an. = ST*SY*S* fn, N, N.- (35)

Finally, the system matrices for an unconstrained lamina can be expressed as:

T

Iy O O V(g 0] 0] ly O O
M=|0 Iy O 0 V(9 0] O Iy O (36)
O O Iy 0 0 Viray] |10 0 lw
T
Q. O O Viay Vo) Vo 0 0 0 Q. O O
¢ Qz 0 Qx 0 0 0 V(}L,J) 0 0 Qz 0 Qm
Qy Q: O 0 0 0 0 \ ) 0 Qy Q. O
0O Q. Qy 0 0 0 0 0 Vi 0O Q. Qy
0O O
-V 0 0O 0 @
Kr=|0 O (#.3,AT) } { w} (38)
0 -V 0O O
Q. Q, (1.3,AT) Qy
where lg, extracts the displacement components (u,v,w) from q, e.g. 1, = [I O O]. The mapping algorithm is applied

again to transform the weighted inner product tensor into a matrix form, completing the numerical formulation for
FGM structures.

5.1. Boundary Conditions and coupling of the layers

In this section, two main issues are pursued: (i) imposing boundary conditions and (ii) coupling the layers. It should
be noted that by using the IBVP approach, the natural boundary conditions are incorporated into the system matrices,
while the essential boundary conditions must be explicitly imposed. Therefore, the boundary conditions can be defined
in a matrix form as follows:

Bag =0 (39)

where qg represents the generalized coordinates of the structure. Additionally, the coupling process can be
incorporated into Eq. 39 using the compatibility equations. These equations are established by equating the degrees
of freedom of the interacting surfaces of each layer. Consequently, by employing the projection matrices approach, the
left singular values (P) of the unitary matrix (v), obtained through the singular decomposition of 3, can be used to
derive the resultant system matrices as follows:
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0

K, =PT o Kez O |P (41)
0 Ke,
Kr, O 0

Kr=PT| O K, O |P (42)

0O 0 Kr,

where M;, Ko, and K, are the mass and stiffness matrices of each individual (i*") lamina, calculated using Eqgs. (36),
(37) and (38) respectively. For more details, the reader is referred to [65, 66].

6. Convergence analysis

To obtain the converged number of polynomials, a convergence analysis is carried out. For this purpose, the reference
number of polynomlals is set as NI¢f = = N, ref — 23 and N'*f = 17. The number of polynomials is defined in the range
of [5—15], [5—15], and [3 — 11] for N, Ny, and N, respectlvely The average values of the first ten nondimensional
natural frequencies are obtained and compared to those calculated for the reference case. The nondimensional natural
frequency can be calculated as:

QL% 43
-2 \D (43)
where Iy = hppyo and Dy = E,0h®/12(1 — 12,5). Also, Q is the dimensional natural frequency. The parameters py,o,

FEno, and vy, represent the density, elastlclty modulus, and Poisson’s ratio of the metal at Ty = 300K . The ceramic
and metal material properties [63] are presented in Table 1.

For convergence analysis, the geometric parameters are set for a square layer as L, = Ly, = 1 and h = 0.1. The
temperature difference between the top and bottom surfaces is 500K, where the bottom surface temperature is
T, = 300K. The power value of the functionally graded material (FGM) is equal to 2. Also, the temperature variation
is nonlinear. The results are presented in Table 2. This table shows the error percentage between the variation in the
number of polynomials and the reference polynomials, which is calculated as:

10 7_“ef o
E% = Zi‘i (i - f‘”’) x 100 (44)
i=1%i

Considering the error percentage in Table. 2, the efficient number of polynomials in the z-y-z directions are chosen as
11, 11 and 5, respectively.

7. Results

The Results section comprises two subsections. First, a validation study is conducted to verify the presented spectral
Chebyshev method. Second, a parametric analysis is performed to investigate the effects of various parameters on the
fundamental frequency of the sandwich structure.
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Table 2: Convergence analysis to obtain the efficient number of polynomials in  — y — z directions.

N,=5 N,=7 N,=9
N. N, N,
3 5 7 9 i | 3 5 7 9 11| 3 5 7 9 11
5 | 15.34 1423 14.23 1423 14.23 | 875 6.55 6.54 654 654 | 823 6.12 6.1 6.11 6.11
7| 875 655 654 654 654 | 374 090 0.88 0.88 088|330 049 046 046 0.46
N | 9] 82 612 611 611 611 330 049 046 046 046|296 021 0.17 017 017
Tl11] 821 609 6.06 606 6.06 | 3.29 045 041 041 041|294 017 013 0.13 0.12
13| 821 608 604 604 604 [328 044 040 039 039 | 294 0.16 011 011 0.10
15| 821 607 603 603 603 |328 043 039 038 038|294 015 010 0.09 0.09
N,=11 N,=13 N,=15
N. N. N.
3 5 7 9 m | 3 5 7 9 11| 3 5 7 9 11
5 821  6.09 6.06 6.06 6.06 | 821 6.08 6.04 6.04 6.04| 821 6.07 6.03 6.03 6.03
7| 329 045 041 041 041 328 044 040 039 039|328 043 039 038 0.38
N | 9] 294 017 013 013 012 | 294 016 0.1 011 010|294 015 0.10 009 0.09
111 ] 293 014 009 009 009 [292 013 007 007 007|292 012 006 0.06 0.05
13| 292 013 007 007 007 | 292 012 005 005 005|291 011 0.05 0.04 0.04
15| 292 012 006 006 005 | 291 0.11 005 004 0.04|291 010 004 0.03 0.03

7.1. Validation

To evaluate the spectral Chebyshev approach for solving the IBVP equation, a validation study is conducted using
results from the literature. The study considers three cases of temperature variation (uniform, linear, and nonlinear)
along the thickness of the structure for a single layer.

For the uniform temperature variation case, the geometric parameters are set as L, = L, = 0.2 with a thickness ratio
of h/L, = 0.1. The curvature is assumed to be zero for all validation cases. Additionally, the power-law index is
set to 2, and all edges (x = 0,2 = L,,y = 0 and y = L,) are subjected to clamped boundary conditions with the
definition of u = v = w = 0. The uniform temperature along the thickness is defined by Ty = 300K with temperature
differences of AT = 0,300 and 500K . Table 3 presents the first eight nondimensional natural frequencies obtained from
spectral Chebyshev approach and those from the literature. The findings demonstrate that the spectral Chebyshev
(ST) approach accurately predicts the natural frequencies of the FGM structure with temperature variation.

Table 3: Comparison of the first eight nondimensional natural frequencies of a FGM layer with uniform temperature variation where all

the edges are clamped and geometry parameters are set to Ly = Ly, = 0.2 and h/L, = 0.1.

AT Method

w1 w2 (wg ) Wy Ws We wr ws

Yang [67] 4.1062 7.8902 11.1834 12.5881 13.1867 15.4530 16.0017

0 Kim [68] 4.1165 7.9696 11.2198 13.1060 13.2089 15.9471 15.9471
Li [63] 4.1658 7.9389 11.1212 13.0973 13.2234 15.3627 15.3627

ST 4.2025 8.0295 11.2586 13.2683 13.3961 15.7780 15.7780

Yang [67] 3.6636 7.2544 10.3924 11.7054 12.3175 14.4520 15.0019

300 Kim [68] 3.6593 7.3098 10.4021 12.1982 12.3052 14.9090 14.9090
Li [63] 3.7202  7.3010 10.3348 12.2256 12.3563 14.8112 14.8112

ST 3.7589  7.3900 10.4709 12.3949 12.5276 15.0529 15.0529

Yang [67] 3.2357 6.6281 9.5900 10.8285 11.4350 13.4412 13.9756

500 Kim [68] 3.2147 6.6561 9.5761 11.2708 11.3812 13.8346 13.8346
Li [63] 3.2741 6.6509  9.5192 11.3126 11.4468 13.7907 13.7907

ST 3.3246  6.7580  9.6778  11.5056 11.6424 14.0326 14.0326

Additionally, the spectral Chebyshev approach is examined for an FGM structure with different geometric parameters
and power law indexes. For this purpose, AT is set to 300K, and the boundary conditions are defined as fully clamped
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on all edges. Three cases of temperature variation are considered in this validation study, where the thickness ratios
(h/Ly) are 0.1 and 0.2, and the length ratios (L, /L) are 0.5 and 1. Table 4 presents the first three natural frequencies
obtained for the uniform and linear temperature fields and compares them to those reported in the literature [63].
Similarly, Table 5 presents the first seven natural frequencies obtained using the spectral Chebyshev approach and
compares them to those from the literature for the case of a nonlinear temperature field. From the results, it can be

concluded that the spectral Chebyshev approach can accurately predict the dynamic behavior of the FGM structure
for different cases.

Table 4: Comparison of the first eight nondimensional natural frequencies for uniform and linear temperature variations with different
geometric parameters.

Uniform Linear
L% f: n w1 ) ws w1 o)) ws
' ST Li[63] ST Li[63] ST Li[63] ST Li[63] ST Li[63] ST Li[63]
1 10.61 10.39 13.36 13.08 18.01 17.60 10.95 10.78 13.78 13.56 18.54 18.21
05 2 9.34 9.21 11.76 11.59 15.84 15.60 9.68 9.59 12.18 12.06 16.37 16.20
' 5 8.32 826 1046 10.39 14.08 13.98 8.66 8.63 1.89 10.86 14.62 14.58

—
o

01 787  7.82 9.90 9.83 1332 13.24 822 8.23 1033 10.34 13.87 13.89

1 4.26 4.21 8.37 8.24 8.37 8.24  4.49 4.48 8.71 8.63 8.71 8.63

1 2 3.76 3.72 7.39 7.30 7.39 7.30 3.99 3.99 7.72 7.68 7.72 7.68
5 3.36 3.33 6.60 6.54 6.60 6.54 3.59 3.59 6.93 6.92 6.93 6.92

10 3.18 3.14 6.24 6.19 6.24 6.19 3.41 3.42 6.58 6.59 6.58 6.59

1 7.56 7.30 9.37 9.06 11.46 11.15 7.75 7.51 9.61 9.32 11.66 11.39

0.5 2 6.60 6.46 8.19 8.02 10.06 9.89 6.79 6.66 8.43 8.27 10.26 10.13
' 5 581 5.77 7.22 7.18 8.96 8.89 6.01 5.98 7.47 7.43 9.18 9.13

—_
o

0.2 5.49 5.48 6.83 6.81 8.52 8.43 5.69 5.69 7.08 7.07 873 8.70

1 368 3.60 6.49 6.31 6.49 6.31 3.79 3.72 6.67  6.51 6.67  6.51
1 2 324 319 5.69 5.59 5.69 5.59 3.35 3.31 5.87  5.78 5.87  5.78
5 288 2.86 5.04 5.01 5.04  5.01 2.99 2.98 5.22 5.20 5.22 5.20
10 2.72 2.71 4.76 475 476  4.75 2.84 495 4.95 4.95 4.95 6.50

Table 5: Comparison of the first eight nondimensional natural frequencies for nonlinear temperature variation with different geometric
parameters.

AL w1 wa ws Wy ws We
L, I, " TST 1i63] ST Li63] ST Li63] ST Li[63] ST Li[63] ST  Li63]
1 1097 10.80 1380 13.58 1857 18.23 23.81 2298 23.92 23.35 24.80 24.24
05 2 970 961 1220 1208 1640 1622 20.90 2040 2106 20.75 2187 2157
“ 5 867 864 1090 10.87 14.64 1459 1852 1830 1872 18.65 19.49 19.40
01 10 822 823 1034 1035 1388 1390 17.53 17.42 17.75 17.75 18.47 1847
' 1T 451 449 873 864 873 864 1231 1216 1455 1434 1470 14.48
. 2 400 400 774 70 774 770 1090 1082 12.88 1277 13.01 1289
5 360 359 694 693 694 693 977 974 1152 1149 1164 11.60
10 341 342 659 6.60 659 660 927 928 1093 1094 11.04 11.06
1 776 752 962 933 11.68 1140 1251 1212 1454 14.23 1557 15.13
05 2 680 667 844 828 1027 104 1099 10.77 1284 1269 13.70 13.50
P 5 602 599 748 744 918 913 974 969 1148 1144 1228 1221
09 10 570 569 7.08 708 874 871 922 921 1091 10.89 11.73 11.69
: 1 380 373 668 651 668 651 877 849 877 849 899 875
L 2 335 332 588 579 588 579 T2 756 T2 756 791 T8
5 299 298 522 520 522 520 689 6.82 689 682 7.02 6.99
10 2.84 284 495 495 495 495 654 651 654 651 6.65  6.65

In another validation study, a curved functionally graded material (FGM) structure is analyzed in a non-thermal
environment. For this purpose, a new FGM distribution equation is introduced in the literature [69] as:
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Table 6: First four natural frequencies comparison for a single curved structure with the geometry parameters of 61 = 120, L, = 2 and
R =1 where, y = 0 edge is clamped.

n=20 n=1 n=>5 n = 50
Q(Hz) SC Ref [69] FEM SC Ref [69] FEM SC Ref [69] FEM SC Ref [69] FEM
1 61.8 61.5 61.8 60.9 61.0 61.0 60.3 61.5 60.4 59.1 61.0 59.0
2 96.3 95.9 96.3 95.2 94.7 94.9 93.4 95.9 92.6 91.1 94.7 90.8
3 151.8 151.2 151.7 149.3 151.2 151.0 147.9 151.2 149.5 145.3 151.2 145.5
4 243.7 243.0 243.6  240.3 241.7 240.5 237.2 243.0 237.7 2324 241.7 232.0
1 z 1 2\\"
=(1- - — = - — = 4
= (1-a(3-3) 0 (3-7) ) (5

In the validation case study, the parameters of the equation are set as a = 0.2, b = 0.8, and ¢ = 3, where n is the
power index. The geometry of the structure is defined by 6; = 120°, L, = 2, and R = 1. The edge at y = 0 is
clamped, while all other edges are free. The first four natural frequencies (in Hz) are computed using the proposed
spectral Chebyshev (SC) method and compared with results reported in the literature as well as those obtained from
a finite element method (FEM) analysis conducted in COMSOL software.

It is worth noting that Kandasamy et al.[69] employed the first-order shear deformation theory (FSDT) in their
analysis. In contrast, the FEM simulation in this study is based on a full three-dimensional model. Table 6 presents
a comparison of the results obtained from the proposed SC method, the literature, and FEM. The results clearly
demonstrate that the spectral Chebyshev method yields frequencies very close to those from the FEM with 3D
modeling. This suggests that three-dimensional modeling is more accurate in predicting the behavior of structures
with complex material distributions compared to two-dimensional approaches. To enable an efficiency comparison in
this case study, the computational time required by the proposed SC and FE methods are evaluated and compared.
For the FEM, the converged number of degrees of freedom (DOFSs) is 5181, whereas for the SC, it is significantly
reduced to 1815. Consequently, the total computation time for the SC and FE approaches is 1.5 seconds and 7
seconds, respectively, on the same system. It should be noted that the reported SC method time includes both the
modeling and solving stages, whereas the FEM time accounts only for the solving stage.

7.2. Parametric study

In this section, different parametric studies are conducted to investigate the effect of various parameters on the
nondimensional fundamental frequency of the sandwich FGM structure. The sandwich structure consists of three
layers: the face sheets, which are FGM layers, and a core layer made entirely of metal (SUS304). The outer surfaces

—— linear
—— n=1 (non-linear)
n=5 (non-linear)

0.8
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350 400 450
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500 550
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—— n=1(non-linear)
n=5 (non-linear)

300 400 500

600
T (K)

700
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Figure 3: Temperature variation along the thickness of a sandwich structure (a) AT = 300 and (b) AT = 500 for linear and nonlinear

temperature distributions with different power-law indices.
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of the face sheets are purely ceramic (the bottom surface of the bottom layer and the top surface of the top layer),
with material composition gradually varying toward the core layer. All parametric studies are performed for six
temperature differences, AT = [0, 100, 200, 300, 400, 500].

All temperature distributions in parametric studies are assumed to follow a nonlinear variation along the thickness.
However, as part of an initial parametric investigation, the effect of linear versus nonlinear temperature variation
is examined. Figure 3 illustrates the temperature distribution along the thickness of the aforementioned sandwich
structure for two temperature differences: (a) AT = 300 and (b) AT = 500. It should also be noted that the thickness
ratios of the bottom, core, and upper layers are set as hy/h = 0.2, ha/h = 0.1, and h3/h = 0.2, respectively. The results
show that the temperature distributions obtained using linear and nonlinear assumptions are very similar. Therefore,
it can be concluded that although solving the heat conduction equation provides a more accurate representation of
the temperature variation through the thickness, assuming a linear temperature distribution offers reasonably close
results with significantly reduced mathematical complexity.

(—— AT:O —— AT:O
29 o AT=100] |?° o AT=100
AT=200 AT=200
27 AT=300| |27 AT=300
—o— AT=400 —o— AT=400
—o— AT=500 —o— AT=500
25 25/
a é 23 23
21 21
19 19
17 17
0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5
—— AT=0 —— AT=0
28 —— AT=100| |28 —o— AT=100
AT=200 AT=200
25 AT=300| |55 AT=300
—o— AT=400 —o— AT=400
—o— AT=500 —o— AT=500
22 2
—
b3 , \
16 16
13 13
10
0.0 0.1 0.2 B 0.3 0.4 0.5 100.0 0.1 0.2 [3 0.3 0.4 0.5
1 2

Figure 4: The effect of curvature variation on the nondimensional fundamental frequency of a sandwich FGM structure for different AT
with imposed boundary condition of (a) CCCC and (b) FCFC, where the face sheets are FGM layers and the core is purely metal.

To investigate the effect of geometric parameters, first, the effect of curvature on the nondimensional fundamental
frequency of the sandwich structure is investigated. The geometric parameters are defined as follows: L,/L, = 0.5,
h/Ly, = 0.2, hy = hs = h/4, and hy = h/2. The power-law index for each face sheet is taken as 2. Figures 4 and 5
illustrate the variation in the nondimensional fundamental frequency with different curvature values under various
boundary conditions. Specifically, Figures 4a and 4b present the frequency variation for CCCC (all edges clamped)
and FCFC (clamped at y = 0 and y = L), respectively. In these figures, (I) and (IT) represent the variations of the
curvature parameters ;1 and (5. For each case of curvature variation, the other curvature parameter is held constant
at 0.25. The different colored lines in the plots correspond to various values of the temperature difference AT

As observed in Figure 4, an increase in temperature difference (AT) leads to a reduction in the fundamental frequency
of the sandwich FGM structure. Moreover, the frequency trend suggests that increasing the curvature reduces the
overall stiffness of the structure. However, in the CCCC' case (Figure 4a), the fundamental frequency exhibits a
local maximum around a curvature value of 0.25, which approximately coincides with the curvature value along the
orthogonal axis. This suggests a possible stiffening effect when the curvatures along both directions are balanced. It
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is important to note that the lengths in the x and y directions are not equal. Consequently, the dynamic behavior of
the sandwich FGM structure is significantly influenced by curvature.

In continuation of the investigation on the effect of curvature on the fundamental frequency, Figures 5a and 5b present
the results for CFCF (clamped at x = 0 and = L) and CFF'F (clamped at y = 0), respectively. From these figures,
it can be observed that the fundamental frequency behavior differs from the trends seen in the previous boundary
condition cases. In the case of 3, variation (I), the fundamental frequency increases for both boundary conditions. It
is important to note that in this scenario, the curvature and boundary constraints are applied along the shorter edge
(Ly). This orientation leads to a modification of the mode shapes when compared to the FCFC and CCCC cases,
ultimately resulting in higher fundamental frequencies.

14 —o— AT=100
AT=200
13 13 AT=300
—e— AT=400
—o— AT=500
—
a|3n n
—— AT=0
10 —— AT=100| | | 10
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9 AT=300 9!
—o— AT=400
8 —o— AT=500
0.0 0.1 0.2 0.3 0.4 0.5 80.0 0.1 0.2 0.3 0.4 0.5
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AT=200
25 AT=300
2.5 —e— AT=400
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2.0 2.0
b =, t&ﬁ —
5 —————
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Figure 5: The effect of curvature variation on the nondimensional fundamental frequency of a sandwich FGM structure for different AT
with imposed boundary condition of (a) CFCF and (b) CFFF, where the face sheets are FGM layers and the core is purely metal.

The second parameter investigated in this section is the thickness ratio of the face sheets to the core layer. In this case,
the ratio of the core layer thickness (hg) to the total thickness (h) is selected as the varying parameter. The geometric
parameters remain the same as in the first case study, where the initial thickness ratio is set to 0.2. Additionally, the
face sheets have equal thicknesses. The curvature values are set to 0.25 for both 8 and 2, and the power-law index
is defined as 2.

The effect of varying the thickness ratio is analyzed under different boundary conditions: CCCC' (all edges clamped),
FFFF (all edges free), CFCF (clamped at z¢ and x, free at yo and y.), and FCFC (clamped at yo and yy, free
at o and zp). Figures 6a—d illustrate the impact of thickness ratio variation on the nondimensional fundamental
frequencies for each boundary condition. Different line colors in the figures represent results for different temperature
differences (AT).

It is evident from Figure 6 that a higher temperature difference across the thickness of the structure results in a lower
fundamental frequency, implying reduced stiffness. Additionally, increasing the core layer thickness (hs) relative to the
face sheet thickness (which introduces more metallic content into the structure) leads to lower fundamental frequencies.
However, in the fully free (FFFF) case, the fundamental frequency shows only slight variation with changes in thickness
ratio. This behavior may be attributed to differences in the fundamental mode shapes of the structure in other case
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Figure 6: The effect of thickness ratio (h2/h) on the nondimensional fundamental frequency of a sandwich FGM structure for different
AT, where the face sheets are FGM layers and the core is purely metal.

studies. For all other boundary conditions, the center of the sandwich structure exhibits significant bending, whereas
in the fully free case, the edges are more affected.

Third parameter investigated in this study is the power law index of the face sheets in the sandwich structure. In this
case, the geometric parameters remain the same as in previous cases, with ho/h set to 0.1. The effect of the power
law index is examined separately for each face sheet. In other words, when ny (the power law index for the bottom
face sheet) is the varying parameter, ng is fixed at 2, and when ng (the power law index for the top face sheet) is the
varying parameter, n; is set to 0.2.

Figures 7a and 7b illustrate the influence of power law index variation on the fundamental frequency of the structure.
Figure 7a presents the case where ng remains constant, while the power law index of the bottom layer (ni) varies
between 1 and 10. The results indicate that increasing the power law index of the bottom layer leads to a decrease
in the fundamental frequency. In other words, a greater inclusion of the metallic phase reduces the stiffness of the
structure.

Similarly, Figure 7b depicts the variation of the power law index for the top face sheet, where the power law index
of the bottom face sheet is fixed at 2. In this case as well, as the face sheet incorporates more metallic content,
the stiffness of the structure decreases. It is important to note that increasing the power law index results in a
higher concentration of the metallic phase toward the core layer, which is composed entirely of metal. As the final
parameter in the analysis, the effect of length ratio variation on the natural frequencies of the sandwich FGM structure
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Table 7: The first ten natural frequencies of the sandwich FGM structure are presented for three different temperature differences and
various length ratios under the CCCC boundary condition.

AT L,/L, w1 wo w3 wy ws we wry wg wo w1o
1 17.31 18.18 18.45 26.46 27.92 2841 28.73 29.49 30.75 35.46
1.5 14.83 14.97 16.56 21.06 21.78 21.95 26.91 27.07 27.76 28.24
2 13.87 14.06 1594 18.14 19.08 20.18 22.72 24.63 26.10 26.55
100 2.5 13.38 13.80 15.64 17.10 17.74 19.36 20.78 22.99 23.23 26.11
3 13.09 13.68 1544 16.57 17.08 18.81 19.87 21.71 22.33 24.82
3.5 12.88 13.57 15.29 16.17 16.70 18.40 19.32 21.07 21.59 24.02
12.72  13.48 15.18 15.78 16.47 18.16 19.10 20.41 21.00 23.36
1 17.14 18.00 18.27 26.21 27.63 28.11 2846 29.17 30.46 35.12
1.5 14.68 14.82 16.39 20.84 21.55 21.73 26.63 26.79 27.48 27.95
2 13.73 13.92 1578 17.95 18.88 19.97 2248 24.39 25.83 26.29
300 2.5 13.24 13.66 1548 16.92 17.56 19.16 20.57 22.75 23.00 25.85
3 12.95 13.54 1528 16.39 16.90 18.62 19.67 21.49 22.11 24.58
3.5 12.74 13.43 15.14 16.00 16.53 18.21 19.13 20.86 21.37 23.79
4 12.59 13.34 15.03 15.60 16.30 17.98 18.91 20.20 20.78 23.13
1 16.93 17.78 18.05 25.89 27.27 27.75 28.10 28.77 30.08 34.69
1.5 14.49 14.62 16.19 20.58 21.27 21.45 26.29 26.43 27.13 27.59
2 13.55 13.74 15.58 17.73 18.64 19.72 22.19 24.07 2549 25.94
500 2.5 13.07 13.48 15.28 16.71 17.33 1891 20.30 22.46 22.71 2551
3 12.78 13.36 15.08 16.18 16.68 18.38 19.42 21.22 21.83 24.27
3.5 12.58 13.25 14.94 15.79 16.31 1798 18.89 20.60 21.09 23.49
4 12,42 13.16 14.83 1540 16.10 17.74 18.67 19.94 20.50 22.84

is investigated. Two boundary conditions are considered for this study: (i) CCCC (see Table 7) and (ii) CFFF (see
Table 8). The parametric analysis is conducted for three different temperature differences (AT = 100, 300, and 500).
The power-law index is set to 2 for both face sheets. The thickness ratio is fixed at h/L, = 0.2, with h; = h3 and
hi/hy = 0.5.

From the results presented in both tables, it can be concluded that increasing the temperature difference leads to a
decrease in all natural frequencies. This indicates that smaller temperature gradients through the thickness of the
structure result in a stiffer behavior. Additionally, Table 7 shows that higher length ratios correspond to lower natural
frequencies. However, a closer inspection of the data reveals a notable difference between the natural frequency values
at Ly/L, =1 and those at other length ratios. This discrepancy may be attributed to a change in the mode shapes
of the structure at higher length ratios.

On the other hand, the natural frequency behavior of the sandwich structure with the CFFF boundary condition
differs significantly from that observed in the CCCC case. As shown in Table 8, the variation of the first six natural
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Figure 7: Effect of power law index variation of (a) bottom and (b) top face-sheets on the fundamental frequency.
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Table 8: The first ten natural frequencies of the sandwich FGM structure are presented for three different temperature differences and
various length ratios under the CF FF boundary condition.

AT Ly/L, w wo w3 Wy ws we wry wg wo w1g
1 2.02 3.08 6.38 6.96 10.23 11.04 14.96 16.03 19.26 19.42
1.5 243 327 6.71 7.14 834 10.83 12,58 15.22 15.75 16.63
2 273 348 6.22 790 8.19 9.62 11.50 13.55 14.97 15.28
100 2.5 2.87 3.65 6.27 7.85 822 943 11.24 11.81 14.79 15.14
3 2.87 3.68 6.30 7.52 8.42 9.81 10.73 11.67 14.16 14.63
3.5 2.75 3.58 6.05 7.27 8.26 9.81 10.26 11.32 13.48 14.21
259 343 572 7.08 7.78 890 9.56 9.87 10.56 12.89
1 1.88 296 6.24 6.83 10.01 10.88 14.74 15.84 19.02 19.13
1.5 232 3.15 654 7.03 820 10.67 1236 15.02 15.55 16.43
2 262 3.36 6.07 7.79 8.06 9.42 11.36 13.34 14.76 15.07
300 2.5 277 353 6.12 7.73 8.10 9.28 11.09 11.60 14.61 14.93
3 277 356 6.15 7.39 8.29 9.67 10.59 11.48 13.99 1441
3.5 2.65 3.45 590 7.14 811 9.69 10.12 11.12 13.31 13.99
4 249 3.30 3.65 5.58 6.96 7.62 9.45 9.73 10.28 12.65
1 1.72 281 6.08 6.67 9.74 10.68 14.49 15.60 18.72 18.77
1.5 2.18 3.01 6.35 6.90 8.03 1048 12.09 14.77 1530 16.19
2 249 3.22 589 7.67 791 9.19 11.18 13.08 14.51 14.81
500 2.5 2.64 3.38 595 7.58 7.94 9.10 10.92 11.36 14.38 14.68
3 2.65 341 598 7.24 8.12 9.51 1041 11.25 13.79 14.14
3.5 252 330 573 699 793 954 9.95 1090 13.11 13.72
4 235 3.15 540 6.81 7.44 9.31 9.57 10.02 11.55 12.36

frequencies exhibits a different trend compared to the higher modes. Specifically, natural frequencies from the 7¢"

to the 10" mode decrease consistently with increasing length ratio. However, for the first six modes, an increase in
natural frequency is observed as the length ratio increases up to L, /L, = 3, followed by a slight decrease beyond this
point. This non-monotonic behavior may be attributed to mode shape transitions or shifts, commonly referred to as
mode shape relocation.

8. conclusion

In this research, a novel three-dimensional spectral Chebyshev approach—developed as a meshless numerical
method—is presented to investigate the dynamic behavior of doubly-curved sandwich structures reinforced with
functionally graded material (FGM) face-sheets in a thermal environment. To effectively capture the geometry of the
curved structure, a domain mapping technique is employed, allowing the inclusion of curvature parameters through
transformation equations. The domain is discretized using Gauss-Lobatto points, which serve as efficient collocation
nodes due to their compatibility with the trigonometric formulation of Chebyshev polynomials used for approximating
the displacement field.

The stiffness (including initial thermal strain effects) and mass matrices are formulated individually for each
layer. These are then coupled using a projection matrix to construct the global system. A steady-state thermal
condition is assumed across the thickness of the structure, with a temperature gradient applied between the top
and bottom surfaces. Based on Chebyshev polynomial expansions, derivative and integral operators are derived
to solve the resulting integral boundary value problem (IBVP). Owing to the graded nature of the material and
temperature-dependent properties along the thickness, the integral operator is treated as a weighted matrix, accurately
capturing the non-uniform behavior. Convergence analysis reveals that using 11, 11, and 5 polynomials in the z, y,
and z directions, respectively, yields accurate and efficient results.

To validate the proposed method, natural frequencies of single-layer FGM plates are computed and compared with
existing literature for various temperature differences and length ratios. The results confirm the accuracy and reliability
of the spectral Chebyshev approach in capturing the dynamic response of FGM-based structures.

Extensive parametric studies are carried out to explore the effects of boundary conditions, thermal gradients, power-law
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indices, curvature, and geometric ratios on the natural frequencies of the sandwich structure. First, it is observed
that increasing the temperature difference across the thickness leads to a reduction in stiffness, consequently lowering
the natural frequencies. Second, the influence of curvature is found to be highly dependent on both the curvature
axis and boundary conditions. For example, under fully clamped conditions or clamping along the y-edges, increasing
curvature reduces the fundamental frequency at specific length ratios.

The effect of the core-to-face thickness ratio is also analyzed. It is concluded that, except in cantilever configurations,
increasing the thickness of the metallic core (assumed to be a purely metallic phase of the FGM) results in a reduction
in the fundamental frequency. Additionally, increasing the power-law index—where the outer face-sheet surface is
purely ceramic—Ileads to an increase in the natural frequency due to enhanced stiffness.

Finally, the influence of varying length ratios is examined under different temperature gradients and boundary
conditions. For fully clamped (CCCC) configurations, increasing the length ratio L,/L, consistently decreases the
first ten natural frequencies. In contrast, for cantilever-type (CFFF) boundaries, a non-monotonic trend is observed:
the first to sixth frequencies increase up to a critical length ratio (here, L,/L, = 3), after which they decline. The
seventh to tenth frequencies, however, show a decreasing trend throughout due to mode shape shifts.

In conclusion, the proposed three-dimensional spectral Chebyshev method is shown to be an accurate and
computationally efficient tool for analyzing the dynamic behavior of sandwich structures with material and geometric
complexities. Moreover, the study emphasizes the sensitivity of FGM sandwich structures to geometric and thermal
parameters, which must be carefully considered in the design and optimization processes for advanced composite
applications.
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